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The problem of diffusion and reaction in a porous catalyst slab is revisited. A
combination of perturbation and integral mathematical techniques are used to derive
approximate analytical solutions for the concentration and temperature profiles, as well
as the effectiveness factor, for a first order, non-isothermal reaction. The development of
thermal and concentration boundary layers near the surface of the particle is character-
ized. The internal particle resistances to mass and heat transfer are also calculated. Our
analytical solutions are validated by comparison with previous numerical results. © 2006
American Institute of Chemical Engineers AIChE J, 52: 3924–3932, 2006
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Introduction

Many chemical and biochemical reactions take place within
porous catalyst particles. Most of these reactions have an
appreciable heat of reaction. As a result, the interaction be-
tween heat conduction, diffusion of reactants and products, and
chemical reaction has an important role in the performance of
the catalyst. Such interaction has been studied extensively for
the past 50 years and, in his treatise entitled The Mathematical
Theory of Diffusion and Reaction in Permeable Catalysts,
Rutherford Aris1 presented a comprehensive review of the
literature up to 1975. Since then, a number of other scientific
publications have considered either new mathematical ap-
proaches or added complexity, such as biological kinetic
schemes and transport by convection, in addition to diffusion,
inside the catalyst particle.2-5

A description of the interaction between diffusion and chem-
ical reaction within a porous catalyst particle involves analyz-
ing and/or solving the differential equations for conservation of

energy and mass of chemical species. For the case of a non-
isothermal system, these equations are coupled and highly
non-linear owing to the Arrhenius exponential dependence of
the reaction rate on temperature. As a result, the problem is
difficult to solve analytically and, in general, requires a numer-
ical approach.

The non-isothermal problem was first analyzed by Damk-
holer6 and Prater,7 who derived an analytical equation relating
the temperature difference between the center and the boundary
of a porous particle to the reactant concentration difference.
This relation allows an estimation of an upper bound for the
maximum temperature inside a catalyst particle, and is inde-
pendent of the kinetics of reaction and of particle geometry.

The problem was subsequently approached numerically by,
among others, Carberry,8 who examined first and second order
kinetics in a catalyst of slab geometry, and Weisz and Hicks,9

who considered first order kinetics in a spherical catalyst par-
ticle. Both these studies presented results for the effectiveness
factor as a function of the Thiele modulus. Marek and Hla-
vacek10 extended these studies and calculated the effectiveness
factor for a broad selection of Prater and Arrhenius numbers,
for first and second order kinetics, in slab, cylindrical, and
spherical particle geometries.
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Despite the mathematical complexity of the non-isothermal
problem, significant progress has been made analytically. Tin-
kler and Pigford11 conducted a perturbation analysis for a first
order reaction in a sphere. They selected as small parameter a
group involving the heat of reaction. Only results for the
effectiveness factor versus Thiele modulus were presented,
although at an intermediate stage the concentration and tem-
perature profiles were also calculated. Hlavacek and Marek12

derived approximate analytical expressions for the temperature
profile and the effectiveness factor for a zeroth order reaction in
catalyst particles of slab and cylindrical geometry. Their solu-
tion required an approximation to the exponential dependence
of reaction rate on temperature. Drott and Aris13 were the first
to provide an analytical parametric solution for first order
kinetics in a slab. Solving the problem by quadratures, they
obtained analytical expressions for the concentration and tem-
perature profiles in terms of exponential integrals. A general
solution for the effectiveness factor was also provided. How-
ever, these solutions are all implicit and difficult to use.

Drott and Aris did analyze the behavior of their solutions in
the limits of small and large Thiele modulus. For small Thiele
modulus, they obtained explicit relations for both the maxi-
mum temperature and the effectiveness factor, as functions of
Thiele modulus. For large Thiele modulus, implicit integral
expressions were obtained for the maximum temperature and
the effectiveness factor. More recently, Tavera14 was able to
derive an exact analytical solution for the effectiveness factor
for an n-th order reaction in a catalyst slab. This solution
becomes fairly simple for low values of the Prater number.

In the present article, we use a combination of perturbation
and integral mathematical techniques to derive approximate
analytical solutions for the concentration and temperature pro-
files, as well as the effectiveness factor, for a first order,
non-isothermal reaction occurring in a catalyst slab. The de-
velopment of thermal and concentration boundary layers near
the surface of the particle is characterized. The internal particle
resistances to mass and heat transfer are also calculated.

Theory
Mass and energy balances

Consider a porous catalyst slab in which a first order chem-
ical reaction A3 B occurs, together with diffusion of heat and
mass. The reaction is non-isothermal and irreversible. The two
sides of the slab are maintained at uniform temperature and
concentration of A, as shown in Figure 1. The transverse
position within the slab is denoted by x̂. The slab thickness, 2L,
is much smaller than its other dimensions, so that changes in
temperature and concentration occur primarily in the x̂-direc-
tion. Differential balances for mass of reactant A and energy
are given, respectively, by:

0 � D
d2ĉ

dx̂2 � kĉ (1)

0 � �
d2T̂

dx̂2 �
qk

�Cp
ĉ (2)

with boundary conditions

ĉ � ĉs and T̂ � T̂s at x̂ � �L (3a, b)

Here, ĉ denotes the concentration of reactant A, T̂ is temper-
ature, and the subscript s refers to surface conditions; k is the
intrinsic kinetic constant, and D is the effective coefficient of
diffusion of A within the porous matrix of the catalyst. The
density, specific heat, and effective thermal diffusivity of the
catalyst matrix filled with fluid are, respectively, �, Cp, and �.
The heat of reaction is q. In order to non-dimensionalize Eqs.
1 and 2, we define dimensionless concentration, temperature,
and spatial position as follows:

c �
ĉ � ĉs

ĉs
, T �

T̂ � T̂s

�T̂
, x �

x̂

L
, (4a–c)

where �T̂ is a scale for the temperature change and is unknown
at this stage.

The Arrhenius temperature dependence of the rate constant
k can be expressed in non-dimensional form as:

k � k0exp��
E

RT̂� � ksexp��
T

1 � �T� (5)

Here, k0 is a pre-exponential factor, ks is the rate constant
evaluated at the surface temperature of the catalyst,

� �
E�T̂

RT̂s
2 and � �

�T̂

T̂s

. (6a, b)

Substituting Eqs. 4 and 5 into Eqs. 1-3 leads to the non-
dimensional mass and energy balances:

Figure 1. Catalyst slab, showing the profiles of concen-
tration of reactant A (gray curve) and of tem-
perature (black curve) for an exothermic reac-
tion.
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0 �
d2c

dx2 �
ksL

2

D
exp��

T

1 � �T��c � 1� (7)

0 �
d2T

dx2 �
qĉs

�Cp��T̂�

ksL
2

�
exp��

T

1 � �T��c � 1�, (8)

with boundary conditions

c � 0 and T � 0 at x � �1. (9a, b)

Scaling

Before we conduct a perturbation analysis, it is convenient to
choose an appropriate scale for the temperature change in Eq.
4b. Given that the derivative term and the exponential factor in
Eq. 8 should be of order unity, a balance of the heat conduction
and reaction terms suggests that

qĉs

�Cp��T̂�

ksL
2

�
� 1,

The expected temperature rise is, therefore,

��T̂� �
qĉs

�Cp

ksL
2

�
� ��T̂�ad

D

�
�2, (10)

where the Thiele modulus is

� � �ksL
2

D � 1/ 2

(11)

and

��T̂�ad �
qĉs

�Cp
(12)

is the adiabatic temperature change, which would occur after
complete reaction if the concentration of reactant inside the
catalyst were initially ĉs at all positions and there were no heat
loss/gain at the surface of the slab. As one might have intu-
itively anticipated, Eq. 10 shows that the temperature change
inside the catalyst decreases with the thermal diffusivity and
increases with the square of the thickness of the slab, that is, is
directly proportional to time scale for heat conduction through
the slab. In fact, Eq. 10 simply states that the time scale for heat
generation/depletion by reaction is of the same order as the
time scale for heat conduction across the slab.

Perturbation analysis

The scaling in the previous section suggests that we choose
the adiabatic temperature change (�T̂)ad as the scale for tem-
perature change in the non-dimensionalization in Eq. 4. In this
way, the Thiele modulus appears explicitly and may be used as
the small or large parameter in a perturbation analysis. The
governing equations then become:

0 �
d2c

dx2 � �2exp��
T

1 � �T��c � 1� (13)

0 �
d2T

dx2 � �2
D

�
exp��

T

1 � �T��c � 1� (14)

with boundary conditions

c � 0 and T � 0 at x � �1. (15a, b)

We now conduct a perturbation analysis (see, for example,
Bender and Orszag15) and look for solutions of Eqs. 13-15 of
the form

c� x� � �
n�0

�

cn� x�	n (16)

T� x� � �
n�0

�

Tn� x�	n (17)

where 	 is a small parameter, and cn( x) and Tn( x) are pertur-
bation functions of order n. Substituting Eqs. 16 and 17 into
Eqs. 13 and 14 yields:

0 �
d2

dx2 �c0 � c1	 � c2	
2 � O�	3�	

� �2exp��
T0 � T1	 � T2	

2 � O(	3)

1 � �[T0 � T1	 � T2	
2 � O(	3)]�


 �1 � c0 � c1	 � c2	
2 � O�	3�	 (18)

0 �
d2

dx2 �T0 � T1	 � T2	
2 � O�	3�	

� �2
D

�
exp��

T0 � T1	 � T2	
2 � O(	3)

1 � �[T0 � T1	 � T2	
2 � O(	3)]�


 �1 � c0 � c1	 � c2	
2 � O�	3�	 (19)

The boundary conditions are expanded in a similar manner to
give:

c0 � c1	 � c2	
2 � O�	3� � 0

T0 � T1	 � T2	
2 � O�	3� � 0 at x � �1 (20a, b)

Behavior for small Thiele modulus

When the Thiele modulus is small (�2 � 1), chemical
reaction is but a perturbation in a catalyst slab with simulta-
neous diffusion of heat and mass. In this limit, we make 	 � �2

� 1 in Eqs. 18-20 When the coefficients of successive powers
of 	 are separately equated to zero, an infinite set of differential
equations and a sufficient set of boundary conditions are ob-
tained.

The O(1) problem is the same as setting 	 � 0 in the original
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equations, that is, a diffusive system with no reaction, and has
solution:

c0 � 0
T0 � 0 (21a, b)

The O(	) problem yields the perturbation functions:

c1 �
1

2
� x2 � 1�

T1 � �
1

2

D

�
� x2 � 1� (22a, b)

At O(	2), the solutions are:

c2 �
1

24 �1 �
D

�
�� �5 � 6x2 � x4�

T2 � �
1

24

D

� �1 �
D

�
�� �5 � 6x2 � x4� (23a, b)

Thus, the first three terms of the expansions for c( x) and
T( x) are

c� x� � �2
1

2
� x2 � 1� � �4

1

24 �1 �
D

�
��


 �5 � 6x2 � x4� � O��6�

T� x� � ��2
1

2

D

�
� x2 � 1� � �4

1

24

D

� �1 �
D

�
��


 �5 � 6x2 � x4� � O��6� (24a, b)

For an exothermic reaction, the maximum temperature and
the minimum concentration occur at x � 0 and are given by,
respectively,

cmin � c�0� � �
�2

2
� �4

5

24 �1 �
D

�
�� � O��6�

Tmax � T�0� �
�2

2

D

�
� �4

5

24

D

� �1 �
D

�
�� � O��6� (25a, b)

Behavior for large Thiele modulus

When the Thiele modulus is large (�2 � 1), the chemical
reaction is fast and leads to a sharp decline in concentration
near the surface of the catalyst slab. Similarly, there is a sharp
change in temperature near the edges of the slab: an increase
for exothermic and a decrease for endothermic reactions. Thus,
concentration and thermal boundary layers develop at x̂ � �L,
as shown in Figure 2. In this limit, we conduct a singular
perturbation analysis and look for solutions of Eqs. 18-20 but
now with 	 � 1/�2 � 1 as the small parameter.

Middle Region. In the region of the catalyst slab away
from the boundary layers, that is, in the middle region (Figure
2), Eqs. 18-20 hold and we can simply collect terms of similar
order with respect to the small parameter 	 � 1/�2. We denote
the concentration and temperature in this region by cm( x) and
Tm( x), respectively. Solution of the O(1) problem gives:

c0
m � �1 (26)

and no information is gained about T0
m( x). At O(	), we find:

c1
m � 0

T0
m � ax � d (27a, b)

where a and d are constants to be determined.
Region Near x � 1. In the boundary layer near x � 1, the

stretching transformation

X � �1 � x�	�1/ 2 (28)

is applied. Using Eq. 25 in the mass and energy balances Eqs.
13-15, yields:

0 �
d2crb

dX2 � exp��
Trb

1 � �Trb��crb � 1� (29)

0 �
d2Trb

dX2 �
D

�
exp��

Trb

1 � �Trb��crb � 1� (30)

with boundary conditions

crb � 0 and Trb � 0 at X � 0 (31a, b)

where crb(X) and Trb(X) refer to the concentration and tem-
perature in the right-hand-side boundary layer. After expansion
of crb(X) and Trb(X) in power series in 	 � 1/�2 and collection
of terms of O(1) in Eqs. 29 and 30, we obtain:

Figure 2. Catalyst slab, showing the concentration
and thermal boundary layers that develop for
�2 � 1.
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c0
rb � �

�

D
T0

rb (32)

0 �
d2T0

rb

dX2 � �D

�
� T0

rb�exp��
T0

rb

1 � �T0
rb� (33)

Equation 33 is non-linear and cannot be solved analytically
in an exact manner. However, we may find an approximate
solution. Matching the middle and right boundary layer solu-
tions, we have:

lim
X3�

c0
rb � lim

x31
c0

m � �1, 	 3 0 (34)

and

lim
X3�

T0
rb � lim

x31
T0

m �
D

�
, 	 3 0 (35)

We, therefore, expect that:

c0
rb � �1 � w�X�

T0
rb �

D

�
�1 � w�X�	 (36a, b)

where limX3� w(X) � 0. From the boundary conditions, Eq.
31, we also have limX30 w(X) � 1. Substituting Eq. 36b into
Eq. 33 yields:

0 �
d2w

dX2 � w exp��
D

�

1 � w

1 � �
D

�
1 � w� (37)

For small �D/� and �D/�, we may make the simplification:

exp��
D

�

1 � w

1 � �
D

�
1 � w� 	 b2 (38)

and treat b as approximately constant. Then w(X) 
 e�bX.
Substituting this result into Eqs. 36 gives:

c0
rb � �1 � e�bX

T0
rb �

D

�
�1 � e�bX	 (39a, b)

In order to determine b, we force the energy balance (Eq. 33)
to be satisfied integrally in the whole of the boundary layer:

0 � 

0

� �d2T0
rb

dX2 � �D

�
� T0

rb�exp��
T0

rb

1 � �T0
rb��dX (40)

For small �D/�, Eq. 40 has solution:

b � �e�D/� � 1

�D/� � 1/ 2

(41)

Region Near x � �1. In the left-hand-side boundary
layer, near x � �1, we apply the stretching transformation

Y � �1 � x�	�1/ 2 (42)

We may follow a solution procedure similar to that for the
right boundary layer and substitute this transformation into the
balances (Eqs. 13-15). However, it is simpler to notice that the
behavior of the catalyst slab is symmetrical with respect to x �
0, so we expect solutions

c0
lb � �1 � be�Y

T0
lb �

D

�
�1 � be�Y	 (43a, b)

in the left boundary layer.
Composite Solution. The final composite solution, valid

across the whole of the catalyst width, is given by:

c � clb � cm � crb � lim
Y3�

clb � lim
X3�

crb

T � Tlb � Tm � Trb � lim
Y3�

Tlb � lim
X3�

Trb (44a, b)

From Eqs. 27b and 35 and symmetry considerations, we
deduce that a � 0 and d � D/�, so that T0

m � D/�.
Equations 44 then yield:

c� x� � �1 � e�b�1�x�� � e�b�1�x�� � O���2�

T� x� �
D

�
�1 � e�b�1�x�� � e�b�1�x��	 � O���2� (45a, b)

We conclude that for large Thiele modulus, the minimum
concentration and maximum temperature for an exothermic
reaction are:

cmin � c�0� � �1 � O���2�

Tmax � T�0� �
D

�
� O���2� (46a, b)

The effectiveness factor

The overall performance of a catalyst slab is measured by its
effectiveness factor,
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Eff �



�L

�L

kĉdx̂



�L

�L

ksĉsdx̂

, (47)

which compares the average reaction rate to the reaction rate
that would be observed if the concentration of reactant and
temperature throughout the slab were equal to those at the
surface. Using Gauss’s divergence theorem, it may be
shown that in terms of our non-dimensional variables,

Eff �
1

2�2 �dc

dx

x�1

�
dc

dx

x��1

� (48)

It is now very easy to determine the effectiveness factor in
the limits of small and large Thiele modulus. Using our results
Eqs. 24 and 45 in Eq. 47 gives:

Eff � 1 �
�2

3 �1 �
D

�
�� � O��4� for �2 � 1

Eff �
b

�
�1 � e�2b�� � O���4� for �2 � 1 (49a, b)

Particle internal resistances to mass and heat transfer

It may be of interest to have expressions for the intraparticle
resistance to heat and mass transfer. Hence, we may define the
internal resistance to mass transfer, Rmi, by

�D
dĉ

dx̂



x̂�L

�
1

Rmi
�ĉmin � ĉs� (50)

Similarly, the internal resistance to heat transfer, Rhi, is
defined by

���Cp

dT̂

dx̂



x̂�L

�
1

Rhi
�T̂max � T̂s�, (51)

Using results Eq. 24 in the expressions above, we have for
�2 � 1,

1

Rmi
�

2D

L

1 �
�2

3 �1 �
�D

� �
1 �

5

12
�2�1 �

�D

� �

1

Rhi
�

2��Cp

L

1 �
�2

3 �1 �
�D

� �
1 �

5

12
�2�1 �

�D

� �
For �2 � 1, using results Eq. 45 in Eqs. 50 and 51, we find:

1

Rmi
�

D

L
b�

1

Rhi
�

��Cp

L
b� (53a, b)

Discussion

The analytical solutions derived in the previous section
allow the determination of the concentration and temperature
profiles, as well as the effectiveness factor and transport rates,
for a variety of operating conditions and particle characteris-
tics. In this section, the behavior of our solutions in the iso-
thermal limit is examined and a comparison with previous
numerical data is presented.

The main results of the previous section may be expressed in
terms of the well-known Prater 
 � qĉsD/(�CpT̂s�) and
Arrhenius � � E/(RT̂s) numbers. Indeed, we note that �D/�
� �
 and �D/� � 
. Table 1 summarizes our results for the
concentration and temperature profiles, as well as the effec-
tiveness factor, in terms of 
 and �.

We begin by looking at the behavior of our solutions in the
isothermal limit, that is, when 
3 0. We note that in this case
b 3 1 (see Eq. 58). Our results suggest that in this limit the
temperature inside the slab is uniform and the concentration
profile reduces to:

c �
�2

2
��1 � x2� �

�4

24
�5 � 6x2 � x4� for �2 � 1

Table 1. Perturbation Solutions for the Effectiveness Factor, Maximum Temperature, and Concentration of Reactant and
Temperature Profiles Inside a Catalyst Slab for a First Order Chemical Reaction

�2 � 1 �2 � 1

Effectiveness factor, Eff 1 �
�2

3
�1 � �
�

b

�
�1 � exp��2b��	 (54a, b)

Maximum temperature,
T̂max/T̂s

1 � 

�2

2
� 5


�4

24
�1 � �
� 1 � 
 (55a, b)

Concentration profile, ĉ/ĉs 1 �
�2

2
�1 � x2� �

�4

24
�1 � �
��5 � 6x2 � x4� exp[�b(1 � x)�] � exp[�b(1 � x)�] (56a, b)

Temperature profile, T̂/T̂s 1 � 
��2

2
(1 � x2) �

�4

24
(1 � �
)(5 � 6x2 � x4)� 1 � 
{1 � exp[�b(1 � x)�] � exp[�b(1 � x)�]} (57a, b)

where b � �e�
 � 1

�
 �1/2

(58)
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c � �1 � exp���1 � x��	 � exp���1 � x��	 for �2 � 1

(59a, b)

The effectiveness factor in this limit is given by:

Eff � 1 �
�2

3
for �2 � 1

Eff �
1

�
�1 � exp��2��	 	

1

�
for �2 � 1 (60a, b)

The relations in Eqs. 59 and 60 agree with previously pub-
lished, well known results for an isothermal slab.1

Damkholer6 and Prater7 suggested that the maximum tem-
perature inside a catalyst slab can be calculated from T̂max/T̂s

� 1 � 
 for an irreversible reaction. Their derivations re-
quired the assumption that the concentration at the center of the
particle is zero. As we have seen (Table 1), this is only the case
when the Thiele modulus is sufficiently large, in particular, �2

� 1.
As mentioned in the introduction, Drott and Aris13 obtained

analytical expressions for the concentration and temperature
profiles, as well as the effectiveness factor, in terms of expo-
nential integrals. They analyzed the behavior of their solutions
in the limits of small and large Thiele modulus. For � 3 0,
they obtained explicit relations for both the effectiveness factor
and the maximum temperature, as functions of Thiele modulus;
our perturbation solutions (Eqs. 54a and 55a in Table 1) agree
with their results. For � 3 �, those authors obtained implicit
integral expressions for the maximum temperature and the
effectiveness factor; it is difficult to compare their results
directly with our explicit perturbation solutions.

It is worth noting that for a zeroth order reaction, using
Frank Kamenetskii’s exponential approximation to the Arrhe-
nius dependence of the reaction rate constant on temperature,
Aris1 showed that for large � the effectiveness factor of a slab
is given by Eff � �2b/�. This result is very similar to our
solution (Eq. 54b) for a first order reaction, essentially just
differing by a factor of �2. Such a similarity is not totally

surprising given that, in the isothermal and large � limit, it is
well known that Eff � [2/(n � 1)]1/ 2/� (see Aris1).

In order to test directly the accuracy of our approximate
perturbation solutions, we compare their predictions with the
results obtained from numerical integration of the governing
equations. As mentioned in the introduction, many previous
studies have presented numerical results on the behavior of a
catalyst slab undergoing a first order, non-isothermal reaction.
Here, we shall use the results reported by Marek and Hla-
vacek10 and Quinta Ferreira,16 because these were readily avail-
able in a convenient format. Figures 3 and 4 show a compar-
ison between the numerical results of Quinta Ferreira16 and our
analytical predictions for the concentration and temperature
profiles. The agreement is very good. For low Thiele modulus,
our regular perturbation solutions overlap with the numerical
results. For large Thiele modulus, our singular perturbation
predictions are close to the numerical solution; we recall that
our results here involved an approximate solution of a non-
linear perturbation problem at O(1), so the agreement is rather
good. Figure 5 shows a comparison between the numerical
results of Quinta Ferreira16 and our analytical predictions for
the maximum temperature. Again, we see an excellent agree-

Figure 3. Reactant concentration profile inside a cata-
lyst slab for a first-order chemical reaction.
Shown are the numerical results of Quinta Ferreira (gray
lines),16 the regular perturbation predictions for low Thiele
modulus (solid black lines), and the singular perturbation
predictions for high Thiele modulus (dashed black lines), for
� � 20 and 
 � 0.1.

Figure 4. Temperature profile inside a catalyst slab for a
first-order chemical reaction.
Shown are the numerical results of Quinta Ferreira (gray
lines),16 the regular perturbation predictions for low Thiele
modulus (solid black lines), and the singular perturbation
predictions for high Thiele modulus (dashed black lines), for
� � 20 and 
 � 0.1.

Figure 5. Maximum temperature inside a catalyst slab
for a first-order chemical reaction.
Shown are the numerical results of Quinta Ferreira (gray
line),16 the regular perturbation predictions for low Thiele
modulus (solid black line), and the singular perturbation pre-
dictions for high Thiele modulus (dashed black line), for � �
20 and 
 � 0.1.
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ment for low Thiele modulus and a good analytical prediction
for high Thiele modulus.

The dependence of the effectiveness factor on the Thiele
modulus is shown in Figure 6. The numerical and approximate
analytical results are in very good agreement for a selection of
Arrhenius and Prater numbers. In general, for small 
 and ��
�

 2, the agreement between the theoretical and numerical
results for large � is good. As ��
� is increased, the deviation
between the theory and the numerics increases; the effective-
ness factor is overestimated by the theory for 
 � 0 and
underestimated for 
 
 0. Once more, we note that this
deviation is not surprising given that, when solving Eq. 37, we
assumed both 
 and �D/� � �
 to be small.

The stretching transformation in Eq. 28 and results Eq. 49
show that, for large �, the concentration and thermal boundary
layers at the surface of the slab have equal thickness � �
O(L	1/ 2) � O(L��1) � O[(D/ks)

1/ 2]. Thus, the thickness of
the concentration and thermal boundary layers is proportional
to the square root of the coefficient of diffusion of reactant A
within the porous catalyst particle multiplied by the timescale
for chemical reaction. This conclusion is in accord with the fact
that the particle internal resistances to mass and heat transfer
predicted in Eqs. 53a and b are inversely proportional to the
Thiele modulus.

As a final note, we recall that in this work we have assumed
the concentration and temperature at the surface of the catalyst
slab to be known and fixed at ĉs and T̂s, respectively. This
presumes the external resistances to mass and heat transfer
to/from the slab to be negligible. However, the findings in this
article also have relevance for situations in which these exter-
nal resistances are significant. In such cases, only the concen-
tration and temperature in the fluid at some distance from the
slab will be known, respectively, ĉ� and T̂�; but the surface
concentration and temperature are related to these through

�D
dĉ

dx̂



x̂�L

�
1

Rmi
�ĉmin � ĉs� � km�ĉs � ĉ�� (61)

���Cp

dT̂

dx̂



x̂�L

�
1

Rhi
�T̂max � T̂s� � h�T̂s � T̂��, (62)

where km and h are the external mass transfer and heat transfer
coefficients, respectively. Therefore, in order to calculate the
concentration and temperature profiles inside the catalyst slab
in the presence of external surface resistances, one needs an
iterative procedure. One should start by guessing values for ĉs

and T̂s (a good initial estimate is setting ĉs � ĉ� and T̂s � T̂�),
then use the results in Table 1 to calculate the internal concen-
tration and temperature profiles, and, finally, iterate estimating
new values of ĉs and T̂s from Eqs. 61 and 62, respectively. The
iteration should be repeated until the desired accuracy in ĉs and
T̂s is achieved.

Conclusions

The interaction between heat conduction, diffusion of reac-
tants and products, and chemical reaction within a porous
catalyst particle of slab geometry has been analyzed. A com-
bination of perturbation and integral mathematical techniques
was used to derive approximate analytical solutions for the
concentration and temperature profiles, as well as the effec-
tiveness factor, for a first order, non-isothermal reaction. It was
shown that for large Thiele modulus, thermal and concentration
boundary layers develop near the surface of the particle; these
boundary layers have thickness proportional to the square root
of the coefficient of diffusion of reactant within the porous
catalyst particle multiplied by the timescale for chemical reac-
tion. Expressions were developed for the internal particle re-
sistances to mass and heat transfer. Our analytical solutions
were validated by comparison with previous numerical results.
It was shown that there is good agreement between theory and
numerics for small 
 and ��
� 
 2, where 
 and � are the Prater
and Arrhenius numbers, respectively.
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Notation

a � a constant
b � parameter defined Eq. 58
c � dimensionless concentration of reactant A

cn � perturbation function of order n for dimensionless concentration
ĉ � concentration of reactant A

ĉs � concentration of reactant A at the surface of the slab
ĉ� � concentration of reactant A at some distance from the slab
Cp � specific heat of catalyst matrix filled with fluid

d � a constant
D � effective coefficient of diffusion of A within the porous matrix

of the catalyst
E � activation energy for the reaction

Eff � effectiveness factor
k � intrinsic kinetic constant of the reaction

km � external mass transfer coefficient
ks � kinetic rate constant evaluated at the surface temperature of the

catalyst
k0 � pre-exponential factor in the Arrhenius rate law
h � external heat transfer coefficient
L � semi-thickness of the slab
� � thickness of the concentration and thermal boundary layers at the

left and right surfaces of the slab
q � heat of reaction
R � universal gas constant

Rhi � internal resistance to heat transfer
Rmi � internal resistance to mass transfer

Figure 6. Effectiveness factor of a catalyst slab for a
first-order chemical reaction.
Shown are the numerical results of Quinta Ferreira (gray line
for � � 20 and 
 � 0.1)16 and Marek and Hlavacek (gray line
for � � 10 and 
 � �0.2),10 as well as the corresponding
regular perturbation predictions for low Thiele modulus (solid
black lines) and singular perturbation predictions for high
Thiele modulus (dashed black lines).
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T � dimensionless temperature
Tn � perturbation function of order n for dimensionless temperature
T̂ � temperature

T̂s � temperature at the surface of the slab
T̂� � temperature at some distance from the slab
�T̂ � scale for the temperature change

(�T̂)ad � adiabatic temperature change
x � dimensionless transverse position within the slab
x̂ � transverse position within the slab
X � stretched coordinate in the region near x � 1
Y � stretched coordinate in the region near x � �1
w � function defined in Eq. 36

Greek letters


 � qĉsD/(�CpT̂s�) � the Prater number
	 � small parameter in perturbation expansion

� � (ksL
2/D)1/ 2 � the Thiele modulus

� � parameter defined in Eq. 6a
� � E/(RT̂s) � the Arrhenius number

� � parameter defined in Eq. 6b
� � effective thermal diffusivity of catalyst matrix

filled with fluid
� � density of catalyst matrix filled with fluid

Subscripts

max � maximum
min � minimum

n � 0, 1, 2, . . . the order of the perturbation function
s � surface of the slab

Superscripts

lb � left-hand-side boundary layer in the slab
m � middle region in the slab
rb � right-hand-side boundary layer in the slab
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